Abstract-The production scheduling of combined heat and power plants is a challenging task. The need for simultaneous production of heat and power in combination with the technical constraints results in a problem with high complexity. Furthermore, the operation in the electricity markets environment means that every decision is made with unknown electricity prices for the produced electric energy. In order to compensate the increased risk of operating under such uncertain conditions, tools like stochastic programming have been developed. In this paper, the short-term operation scheduling model of a CHP system in the day-ahead electricity market is mathematically described and solved. The problem is formulated in a stochastic programming framework where the uncertain parameters of dayahead electricity prices and the heat demand are incorporated into the problem in the form of scenarios. A case study is also performed with a CHP system operating in a district heating network and the value of heat storage capacity is estimated.
I. INTRODUCTION
The short-term operation scheduling of a system of power plants is a decision making problem regarding how much power and by which units is going to be produced during a short time period in the future, usually one day to one week ahead. This is a typical optimization problem, called unit commitment and economic dispatch, which is faced by power producers in order to minimize their costs and maximize their profits. In the special case of combined heat and power (CHP) systems this problem becomes more complex since the production of both power and heat need to be scheduled. Traditionally CHP systems find application in cases where there is a demand for both power and heat like industry and district heating. Small CHP systems, called micro CHP, are also used in commercial and residential buildings to provide heating and cooling. Compared to conventional power plants, CHP systems achieve a higher overall efficiency, resulting in reduced fuel consumption and exhaust gas emissions.
Various models have been proposed for the CHP shortterm production scheduling. The economic dispatch problem has been initially described and solved in [1] , [2] and [3] where the problem is quadratic with linear constraints. In [4] a methodology based on dynamic programming and Lagrange relaxation is proposed. More recent works can be found in [5] and [6] . A comprehensive study of the various models and solutions that have been proposed for the CHP operation scheduling can be found in [7] and [8] . This paper describes a three-stage stochastic model with recourse which takes into account the variability of electricity prices and the heat demand. The model is similar to the two-stage model described in [9] with the addition of the possibility to store thermal energy and an extra stage in the decision tree. Furthermore, it is an extension of the model presented in [10] where the aim is to provide a bidding decision tool. Here instead, the aim is to provide a production scheduling tool.
The rest of the paper is organized as follows: section II provides the description and formulation of the problem. The decision framework is analyzed in subsection II-A while subsection II-B describes briefly the methodology used to generate and then reduce the stochastic parameter scenarios. The mathematical programming model is presented in subsection II-C. In section III a case study is performed where the value of the heat storage capacity is estimated. Finally section IV concludes the paper.
II. PROBLEM FORMULATION

A. The decision framework
The formulation of the problem begins with the decisions that have to be made by the CHP plant operator. Such decisions may be the offering curves submitted to the electricity markets, the unit commitment and power dispatch scheduling, the heat dispatch for a CHP producer, the maintenance planning etc. Therefore during the first step the decision framework is determined and according to this the formulation of the model follows. Following the stochastic programming modeling framework, decision variables are split into two categories: the decisions that have to be made before any of the stochastic parameters have been realized (here-and-now) and decisions that are taken after the realization of some stochastic parameter (wait-and-see). This is the typical two stage model with recourse.
In this paper a three-stage model is proposed for the unit commitment and economic dispatch of a CHP system. The decision framework is as follows: after the clearing of the day ahead electricity market, the CHP operator is informed about the power assigned to produce during the following day (referred as Day-1 from now on). Therefore the unit commitment and power dispatch can be scheduled. These are the first stage decisions. The heat dispatch can be decided later, closer to the delivery hour and according to the heat load predictions that moment. Therefore, heat dispatch is the second stage decision and a number of heat load scenarios is used to take into account any possible heat load outcome. The third stage in the model is used to derive optimal unit commitment decisions for the terminal conditions, i.e. the final hours of Day-1. The coupling between power and heat production provides no obvious value for turning on or off the units at the end of Day-1 [9] . For that reason a third stage is added according to [9] , where the decision variables are the power trading and heat dispatch during the next planning period (referred as Day-2 from now on). In that way, the optimal decision for unit commitment of the CHP system at the final hour of Day-1 takes into account all possible power and heat production variations during Day-2. The scenario tree of the proposed model is depicted in fig. 1 . The model is used to derive optimal first stage decisions for the CHP operator in daily basis. The second stage decisions are also optimal for their respective scenarios. That means if Day-1's heat demand is exactly the same as a specific scenario, the optimal heat dispatch is given by the solution of the model for that scenario. If non of the scenarios is realized a rescheduling of the heat dispatch is done using the same model with fixed first stage decision variables to their optimal values.
B. Scenario generation
It has been described in II-A how variability of electricity prices and heat demand is taken into account by using scenarios of the specific parameters and constructing the scenario tree. Here, a methodology to generate the scenarios is briefly presented. This is done in two steps. First a time series model is created to forecast the uncertain parameter. A SARIMA model is used for the day-ahead electricity prices and a SARIMAX model for the heat demand where the external parameter is the outdoor temperature. This is justified by the fact that heat consumption and outdoor temperature is strongly negatively correlated in a district heating network as can be seen in fig. 2 .
The second step is to use Monte Carlo simulation to produce the scenarios. Such scenarios for the day-ahead electricity prices can be seen in fig. 3 . More details about the modeling procedure can be found in [10] and [11] .
In order to approximate the distribution function of the stochastic parameters a great number of scenarios needs to be generated. This results in thousands of variables which makes the problem difficult to solve. For that reason a scenario reduction algorithm is applied in order to reduce the number of the scenarios. The scenario reduction algorithm which is applied here is described in [11] and is based on minimizing the probability distance between the original set of scenarios and the simplified one. Finally, because heat demand and electricity prices are not correlated, all possible combinations are used to form the final scenario set.
C. Mathematical formulation
Objective function: The objective function (1) is to maximize the profits of the CHP producer which consist of the possible revenues from power sold during Day-2 (A), minus the variable production costs (B), the start-up costs (C) and the shut down costs (D) during both Day-1 and Day-2.
Non-anticipativity constraints: These constraints (2-4) ensure that variables referred to common scenarios have to be assigned the same values. That means the first stage decisions will be the same for every scenario and the second stage decisions will be the same for common scenarios of Day-1.
Operational constraints: The most common type of steam turbine used in large CHP systems is the extraction condensing steam turbine which is characterized for its flexibility. These plants can operate inside a feasible zone which is shown in fig. 4 and described by (5) (6) (7) (8) . The fuel consumption is given by (9) . In many CHP plants there are heat producing boilers that are usually used during peak heat demand hours. The operational limits for these boilers are given by (10) and the fuel consumption by (11) . Heat balance constraints: The heat load balance constraint (12) ensures that the total heat production is equal to the total heat demand including the changes in the content of the heat storage tank. Constraint (13) restores the heat storage content at the end of Day-2 to its initial state. The capacity of the tank (14) limits the maximum heat content.
Power balance constraint: The power balance constraint (15) ensures that power output satisfies the load during Day-1. 
Minimum up and down time constraints: These constraints (18-23) are applied to avoid the frequent transitions from on state to off state and vice versa.
where
and
are the hours in the beginning of the planning horizon that the unit is restricted to operate or to be offline respectively due to the initial conditions.
III. CASE STUDY
In this section the results of a case study are presented. In this study a district heating network is considered. Two CHP plants provide hot water to the district heating system and sell the power to the day-ahead electricity market. An only heat boiler can be used when there is a peak on the heat demand. Furthermore a heat storage tank is available which can release or store hot water according to the schedule. The CHP system parameters are given in I. These parameters are mainly taken from [9] and [12] . District heating data used to produce the heat demand scenarios are from Stockholm's district heating network although they have been modified in order to fit this case study system. Electricity price scenarios are built with data from the Elspot market [13] . Random power load is chosen (taking values between 0-260 MW) in the form of 4-hour load blocks in order to resemble the power block offerings in day-ahead electricity market. In fig. 5 the unit commitment and power/heat production scheduling for the following day is presented for two cases. One for a system without any heat storage capacity and one with 600 MWh th capacity. Power production and unit commitment schedules as first stage decisions are optimal regardless of the scenarios. The heat production schedule depicted is for a random heat demand scenario and optimal only for that scenario as explained in II-A. According to the first case, the first CHP unit operates the whole day to provide the main part of the heat and power loads. This is the unit with the lower operational cost. The second CHP unit starts up when the first one is not sufficient to cover the power load and stops when this decreases again. For a few hours before the start up of the second unit and for one hour after, the heat boiler helps to cover the increased heat load. For that hours the first unit is sufficient to cover the power load alone. The increased flexibility of the system when a heat storage tank is used, can be seen in the second case. The system makes use of the stored hot water avoiding the use of the boiler and decreasing the operating hours of the second unit. For the hours that heat production is greater than heat demand, the charging of the heat storage tank takes place. Figure 5 . Next day's production scheduling and unit commitment of a system without (left column) and with (right column) heat storage capacity. Power production and unit commitment as first stage decisions are optimal. The heat production shown here is for a random heat load scenario of the scenario set and is optimal for the specific scenario.
To estimate the value of heat storage capacity in the case system, a yearly simulation of the system operation is conducted. The simulation is done with various heat storage capacities running from 0 to 1000 MWh th . Furthermore the impact of heat losses in the storage tank is studied by changing the heat loss parameter α. Fig. 6 depicts the profit increase for various capacities compared to the system without any heat storage capacity. Profits are increasing in a logarithmic way reaching approx. 30% for the case without any heat losses and 27% for the case with 2% per hour heat losses. The optimal heat storage capacity for a system can be estimated with a techno-economic analysis which will take into account the construction costs and the cost of money. Such analysis is beyond the scope of this paper. Profits increase (%) 0%/hour heat losses 2%/hour heat losses Figure 6 . Profits increase for various heat storage capacities and heat losses IV. CONCLUSIONS A MILP model is proposed for the short-term operation scheduling of a CHP system. Variable electricity prices and heat demand in a district heating network increase the risk of taking non optimal decisions. In order to compensate this uncertainty, stochastic programming framework is used to formulate the problem. Scenarios of the day-ahead electricity prices and the heat demand are built based on time series analysis and Monte Carlo simulation. A scenario reduction algorithm is also applied to decrease the size of the problem. The model provides the optimal day-ahead unit commitment and power/heat scheduling. As second stage variable, heat production can be rescheduled at a time closer to the realtime production if it is needed. The model also provides an estimation of the value of the heat storage capacity when it is run for a longer period. Up to 30% increase in profits can be achieved with big hot water storage tanks.
